Direct observation of a Rotating Detonation Engine combustion chamber has enabled the extraction of the kinematics of its detonation waves. These records exhibit a rich set of instabilities and bifurcations arising from the interaction of coherent wave fronts and global gain dynamics. We develop a model of the observed dynamics by recasting the Majda detonation analog as an autowave. The solution fronts become attractors of the engine; i.e., mode-locked rotating detonation waves. We find that denotative energy release competes with dissipation and gain recovery to produce the observed dynamics and a bifurcation structure common to driven-dissipative systems, such as mode-locked lasers.
The Rotating Detonation Rocket Engine (RDRE) is a thrust-producing device in which pressure rises through the heat release process, contrasting conventional deflagration-based engines. In operation, a number of self-sustained combustion-driven shock waves, or detonations, travel azimuthally in an annular combustion chamber. The implications for successful and robust implementation of RDREs include mechanical simplification of propulsion systems (for example, pumping requirements for propellant can be reduced [1] ) and an increase of available work for a given propellant over conventional engines [2] , ultimately resulting in fuel savings. However, a diverse set of experimentally observed instabilities and bifurcations are known to be ubiquitous in RDREs [3] [4] [5] , potentially compromising engineering performance and stable operation. In this letter, we develop a modeling framework that characterizes the global underlying bifurcation structure of RDREs, showing that the nonlinear dynamics are governed by the interaction physics of global gain (fuel) depletion and recovery along with local dominant balance physics characterized by the diffusive Burgers' equation [6] . Our predictions capture the cascade of bifurcations and flame-front solutions whose attracting nature we term mode-locked rotating detonation waves and which are observed experimentally within the RDRE. Further, the model shows that the underlying energy balance physics of the driven-dissipative RDRE mimics those of mode-locked lasers [7, 8] , where global gain dynamics produce a similar cascading bifurcation diagram of mode-locked states [9] .
Conventional RDRE designs employ concentric cylinders to direct the flow of propellant into a narrow annular gap. Inside this gap, an igniter (an automotive spark plug, for example) deposits concentrated energy into the propellant mixture, creating an ignition kernel that promotes the exothermal chemical reaction. By virtue of the narrow annular gap, the gradients in density and pressure caused by the heat release self-steepen, eventually forming shocks strong enough to auto-ignite the propellant.
These combustion-driven shock waves, now detonations, continue to process propellant so long as there is sufficiently fast refill and mixing of propellant within the period of the traveling detonation wave to offset inhibiting phenomena [10] [11] [12] . In this manner, the RDRE is a device which leverages the interplay between competing physical effects: (i) localized gain (and gain depletion) from the heat release associated with the traveling detonation waves, (ii) gain recovery from a prescribed propellant injection rate, and (iii) dissipation and saturation of energy at flame fronts.
The steady operation of the RDRE is the point at which the rates of gain depletion, gain recovery, and dissipation balance. For these to exist in an unbalanced state induces a degree of unsteadiness, typically manifested as a transition to a different number of waves or modulation of traveling wave speed [3] [4] [5] ; i.e., the system undergoes bifurcation. However, the underlying physics associated with these commonly observed modes and their transitions are largely unknown. In many laboratory experiments, typical observables are wave number, speed, and direction as captured by fast-response pressure measurements or optical access into the combustion chamber. Common in experimental literature are a few themes: (i) the observed detonation wave speeds are significantly less than the Chapman-Jouget (CJ) velocity (the steady shock-induced combustion wave in which the combustion products are sonic relative to the wave front) for the propellant mixture [13, 14] , (ii) the number of waves is tied to the mass flow rate of the engine and the propellant injection scheme [11] , and (iii) para-wave combustion, meaning deflagration not associated with a traveling wave, is ubiquitous [14] [15] [16] [17] . Additionally, we acknowledge the prevalence of counter-propagating waves in literature (see [5] and [14] ). However, for the present letter we restrict our discussion to co-rotating waves only as a means to simplify the modeling and analysis.
Computational modeling of RDREs allows for detailed investigations of the wave structure and engine flow- field. Not only do these models agree well with experiments, but they produce many of the instabilities and observed bifurcations of RDREs, including mode-locked states [18] [19] [20] [21] . However, these high-fidelity simulations are computationally expensive; i.e., to extract limit cycle behavior of the wave dynamics and bifurcation structures is not currently feasible. Additionally, they fail to identify the leading order physics responsible for producing the bifurcations. Our modeling efforts draw on recent experimental observations of nonlinear dynamics of rotating detonation waves to formulate a reduced-order model description that captures the global bifurcations observed in practice. The model identifies the dominant energy balance physics responsible for producing the universally observed physics of the mode-locked states and their interactions in many RDREs. Indeed, the primary bifurcation parameter controlling the cascade of bifurcations is easily identified as the propellant injection rate. The energy balance physics is canonical in that it is prevalent in a broader range of driven-dissipative physical systems, including mode-locked lasers [8, 9] .
For the present study, a modular RDRE and test cell were designed and constructed to investigate rotating detonation wave dynamics. The test cell is optically accessible, which allows for recording the complete azimuth-time history of all present detonation waves with high spatiotemporal resolution (Fig. 1a) . Each experiment is a 0.5 second burn of a known proportion and feed rate of gaseous methane and oxygen. In a successful experiment, a spark ignites the mixture and produces an accelerating flame that transitions into a number of traveling detonation waves [22] . A complete description of the experimental apparatus and procedures is detailed in [23] . For each experiment, the azimuth-time history is extracted from high-speed video footage through a pixelintensity integration algorithm [24] . The wave kinematics can be recorded in this manner and displayed as a θ−t diagram, an example of which is shown in Fig. 1b . Furthermore, these records can be recast in the shock-attached frame, in which case the phase differences between waves is an explicit output. Figure 2a is the data in Fig. 1b shifted to the wave reference frame. For these figures, we nondimensionalize time as τ = t (D wave /L), where L is the length of the domain and D wave is the speed of the wave in its mode-locked state.
In Fig. 2a , an observed transition from one wave to two waves during the startup transient is shown. In this mode transition, after a point of criticality, a second detonation wave forms and begins to travel around the annulus. However, the spacing between the two waves in the annulus is asymmetric, causing an imbalance in the amount of propellant consumed by each of the waves. The wave with coordinate θ 1 trailing the preceding wave θ 2 exists with a phase difference of Ψ = θ 2 − θ 1 < π (see Fig. 1a ). At that instant, assuming the propellant refresh rate is approximately constant, the trailing wave has less than half of available propellant in the chamber for its consumption. The local balance of gain (heat release), gain recovery, and dissipation is not satisfied. As the propellant heat release directly affects the speed of the wave, the wave begins to decelerate. The preceding wave, however, has the remaining portion of available propellant and can accelerate through the excess of propellant. In this manner, these two waves behave dispersively, where they seek a stable state with maximum and symmetric phase differences. For the single wave portion in Fig. 2a , the quasi-steady wave has a velocity 20% to 30% below the Chapman-Jouget velocity for the propellant mixture. This metric is a direct observable of the energy necessary to sustain the detonation wave subject to dissipation and gain recovery in the combustion chamber. As the transition to two waves occurs and the dynamics settle to a steady state, the wave speed reduces to about 90% of the single wave speed.
The opposite scenario occurs upon ramp-down of propellant feed at the end of each experiment. Figure 3a exemplifies a ramp-down transition of 2 to 1 wave over the span of about 10 ms. The two waves compete for the increasingly scarce propellant, as opposed to the case of excessive propellant exhibited in Fig. 2a . Because of an initial perturbation in phase difference, the waves begin to exchange strength (speed and amplitude) in a regular fashion producing the exponential instability growth. As the phase difference oscillations grow, a catastrophic interaction between the waves occurs, resulting in the overrunning of the weaker wave by the stronger wave during one of the large-amplitude oscillations. After the bifurcation, the velocity of the remaining wave is about 10% higher than that of the wave prior to the instability.
We develop a mathematical model that captures the dominant physics involved in the processes of wave formation, synchronization, and mode bifurcations for further study of these phenomena. The detonation analogs of Majda [6] , Fickett [25] , Rosales [26] , and Faria and Kasimov [27] have enabled the rigorous mathematical description of dynamics common to detonations in one (limit cycling and chaotic propagation) and two dimensions (cellular structures and pattern formation). These analyses typically occur in the Lagrangian, shockattached framework under assumptions of complete combustion. We use Majda's seminal model as a starting point, as it sufficiently captures the dominant shockchemistry interplay found in detonation waves. Specifically, we recast Majda's analog in terms of autowaveproducing variables [28, 29] . Our model captures the dominant physics of gain depletion, gain recovery, and dissipation:
where u(x, t) is a quantity holding weak relationships to temperature, density, and velocity (see [6] ), λ is a combustion progress variable (λ = 0 is unburnt and λ = 1 is complete combustion), ω is the heat release rate function, q 0 is the heat release of the propellant, ν is viscosity, is a loss coefficient, and s is a refill constant. The domain is restricted to a 1-D periodic line in the Eulerian reference frame. The heat release function ω(u) is dictated by a simplified version of Arrhenius kinetics with a explicitly defined 'ignition temperature' u c and activation energy α. The loss of energy in the domain is taken to be a generic restoring force to a natural state; i.e., the state of the of fresh propellant entering the combustion chamber (u 0 ). The propellant recovery, specified by β (u, s), is assumed to have some functional dependence on u. A restriction on the function β (u, s) is added:
This necessary condition ensures that the propellant inflow remain bounded, similar to the physical constraint in experimental RDREs; i.e., as the combustion chamber pressure increases, the rate of propellant inflow is reduced. This relationship is not explicitly known, but the following dependence is assumed (with n = 1):
As in Majda's original paper, we find the analogous CJ velocity of the reduced system (the inviscid, steady wave in which all energy has been released to the wave in a infinitesimally thin reaction zone). This steady wave speed is defined as the minimum speed that fulfills the Rankine-Hugoniot conditions for the prescribed heat release. In the limit as viscosity becomes zero and in the absence of losses, this minimum speed (CJ velocity) is:
where u 1 is the upstream state of a steady, shockattached framework of the Majda Model. This speed is the metric upon which the traveling waves in the proposed model are benchmarked. Numerical simulations are performed with the PyClaw open source CFD software [30] . The parameters used for the numerical simulations in this letter are given in
5. Number of waves and wave speed through a sweep of the bifurcation parameter s. Simulation parameters are listed in Table I with = 0.120, α = 0.4, and uc = 1.875. Overlaid are simulation snapshots. The qualitatively similar experimental bifurcation structure is published in Bykovskii et al. [11] . The energy balance dynamics in laser cavities [9] produce a similar cascaded bifurcation structure. Table I . The initial value problem with initial condition u(x, 0) = 1 + (3/2)sech 2 (x − x o ) and λ(x, 0) = 0 was solved under varying dissipation ( ) and refill (s) conditions. The evolution of a typical simulation is given in Fig. 4 . Because the initial sech-pulse is well above u c , the medium locally and rapidly releases heat. The wave steepens and forms a detonation. This initial pulse travels at the CJ speed until it reaches its tail, at which point the wave begins to rapidly dissipate. When the detonation wave arrives at its tail, the limited amount of gain recovery cannot sustain the CJ wave. Additionally, the rapid heat release (compared to the time scale of the dissipation of energy) of the initial CJ wave acts to raise the average u in the domain substantially above the ambient value u 0 and ignition value u c . In this manner, the effective activation energy of the active medium is lowered and deflagration, or slow-scale heat release, is promoted in the entirety of the domain. Because the transit time of the initial traveling wave has been increased through dissipation, the formation of multiple, lower-amplitude pulses occurs by deflagration-todetonation transition (DDT).
The bifurcation diagram showing the dependence of number of waves and wave speed on s is shown in Fig. 5 for the parameters of Table I and a given . As s is increased from zero, steady planar deflagration fronts form for small values. Once the value of s can support a traveling wave, the waves follow the staircase behavior in Fig.  5 , where the wave speed increases until another bifurcation occurs. These waves nucleate from the para-wave deflagration through a DDT process (an example of which is shown in Fig. 2b ). At each bifurcation to an increased number of waves, there is a drop in wave speed, though this drop in speed becomes less severe as the number of waves increases. This phenomena is consistent with the presented experiments as well as the observations of many in the literature [11] . As s is further increased, the number of waves increases until the wave fronts are low in amplitude and diffuse into a planar deflagration front.
To induce a mode transition from an already modelocked state, a step change in s is applied to the steady state, inducing a bifurcation. An example of such a transition is shown in Fig. 3b , where two initially modelocked rotating detonation waves become unstable and destructively bifurcate. Low-amplitude phase difference oscillations grow exponentially, much like the experimental observations in Fig. 3a . During the period of oscillations, the two waves exchange strength (amplitude) and speed. The instability growth rate and oscillation period is parameterized by the severity of the applied step in s and the dissipation coefficient . Thus, the proposed model qualitatively reproduces the nonlinear dynamical behavior seen in recent RDRE experiments, including both the DDT and wave nucleation processes. Upon nucleation of a new wave or destruction of an existing wave, the collection of waves in the chamber act dispersively, eventually forming a mode-locked state. The spatial imbalance of gain and dissipation in the domain allows for the characteristic modulation of detonation wave speed and amplitude. In transients of gain recovery, such as when the mass flow rate of an experiment is not constant, seen is a local imbalance of the gain and dissipation that either nucleates a new wave or amplifies asymmetric perturbations between waves, eventually causing a catastrophic destructive interaction.
The significance of the proposed model is twofold. First, although we claim no engineering predictive capabilities, our model does relate the dominant physics of gain depletion, gain recovery, and energy dissipation of rotating detonation waves in a simple mathematical framework that recovers, qualitatively, the nonlinear dynamics and bifurcation structure of the waves. This work allows for the immediate analysis of the proposed model to derive stability criteria for RDREs, provide insight into the physical processes behind the rich dynamics of the detonation waves, and aid in the design of future engines. Second, the experimental observations and model extend the well-established physical phenomenon of mode-locking to rotating detonation waves. The energy balance in the RDRE combustion chamber is generic, producing mode-locked states that interact through the global gain dynamics. These dominant balance physics are also observed in well-established laser systems where an analysis of the energy balance produces the global bifurcation structures [9] .
